ABSTRACT. We introduce an order relation in the set of modular biweights on a Banach C * -module X and give a description of this order relation in terms of representation associated with each modular biweight by GNS construction. We also characterize the extreme points in the set of all biweights ϕ defined on X such that ϕ(x 0 , x 0 ) = λ 0 . Furthermore, we discuss operator representations associated with modular biweights on Banach C * -modules.
Introduction
A left Banach C * -module over a C * -algebra (A, · A ) is a Banach space (X, · ) which is also a left A-module, compatible with the complex algebra structure, such that ax ≤ a A x for all a ∈ A and for all x ∈ X. Clearly any C * -algebra is a left Banach C * -module as well as any left Hilbert C * -module. In [2] Lj. Arambašić introduced the concept of nondegenerate, irreducible representation of a Hilbert C * -module. C. Trapani and S. Trioli [6] introduced the concept of modular (respectively operator) representation of a left Banach C * -module and showed that any modular biweight ϕ on a left Banach C * -module X induces a modular representation of X on a Hilbert space H by GNS construction.
After preliminary section, we discuss representations of left Banach C * -modules on Hilbert spaces. In Section 4 we show that the modular representation of a left Banach C * -module X associated with a modular biweight ϕ by GNS construction (see [6] ) is unique up to unitary equivalence. Also we prove a Radon-Nikodym type theorem for modular biweights on left Banach modules over C * -algebras. As applications of this theorem we characterize the pure modular biweights and the extremal modular biweights in the set BW X,x 0 ,λ 0 (X) of all modular biweights ϕ defined on X such that ϕ (x 0 , x 0 ) = λ 0 . In Section 5 we deal with operator representations of left Banach C * -modules. In Section 6 we show that any modular biweight ϕ on a left Banach module X associated to a unital strict pre CQ * -algebra induces an operator representation of X which is unique up to unitary equivalence. Moreover, if the modular biweight ϕ is pure then the operator representation associated to ϕ is irreducible.
Preliminaries
Let A be a C * -algebra with involution * and norm · A , and let X be a Banach space with norm · . We say that X is a left Banach C * -module over A or a left Banach A-module (see, [4] ) if there is a bilinear map (a, x) → ax from A × X to X such that ax ≤ a A x for all x in X and for all a in A and
for all x in X and for all a and b in A.
If A is unital and e is the unity of A, then we assume that ex = x for all x in X.
The submodule of X generated by {ax : a ∈ A, x ∈ X} is denoted by AX and its closure is a left Banach A-module.
Example 2.1.
(1) Any C * -algebra A is a left Banach A-module.
(2) Any closed left ideal of a C * -algebra A is a left Banach A-module.
-algebra A is a left A-module equipped with an A-valued inner product and which is complete with respect to the topology induced by the inner product (see, for instance, [2] 
for all x and y in D (ϕ) and for all a in A (see, [6] ).
We denote by BW (X) the set of all modular biweights on X.
Example 2.2.
(2) Suppose that A is a commutative C * -algebra, ω is a positive linear functional on A and X is a left Hilbert C * -module over A. Then the map
is a modular biweight on X.
If ϕ is a modular biweight on X, then:
for all x, y ∈ D(ϕ) and for all a ∈ A.
MARIA JOIŢ A
Modular representations
Let A be a C * -algebra and let X be a left Banach A-module. 
, then clearly, the closed subspace Φ (X 0 ) of H is invariant under π. From this fact and taking into account that π is irreducible, we conclude that Φ (X 0 ) is dense in H or Φ (X 0 ) is the null subspace of H.
Conversely, suppose that for any submodule
for all x ∈ X 0 and for all a ∈ A. Therefore X 0 is a submodule of X and 
for all a ∈ A and for all x in D (Φ 1 ) and since
Modular representations associated with modular biweights
Let A be a C * -algebra, let X be a left Banach A-module and let (Φ, π, H) be a modular representation of X. The map ϕ :
is a modular biweight on X ([6, pp. 448]).
In [6, Theorem 3.7] it is showed that any modular biweight on X induces a modular representation (
for all x and y in D (ϕ). We show that this representation is unique up to unitary equivalence.
Ì ÓÖ Ñ 4.1º Let X be a left Banach A-module and let ϕ be a modular biweight on X.
then there is a unitary operator U from H ϕ to H such that
for all x in D (ϕ). 
for all x ∈ D (ϕ). Clearly, U is a surjective linear map such that
for all x ∈ D(ϕ). From these facts and taking into account that Φ ϕ (D (ϕ)) is dense in H ϕ and Φ (D (ϕ)) is dense in H, we conclude that U extends to a unitary operator from H ϕ to H such that
for all x ∈ D (ϕ). 
is a modular biweight on A. Also it is easy to check that if (Φ ϕ , π ϕ , H ϕ ) is the GNS representation associated to ϕ, then (π ϕ , H ϕ ) is the GNS representation associated to the weight ω (see, for example, [5] ) and Φ ϕ is the quotient map from
A modular representation (Φ, π, H) of X is continuous if Φ is continuous.
Remark 4.3º
(1) If ϕ is a bounded modular biweight on a left Banach A-module X such that D (ϕ) = X, then the GNS representation of X associated with ϕ is continuous. (2) If X is a left Banach module over a unital C * -algebra A and ϕ is a modular biweight on X, then the GNS representation of X associated with ϕ is nondegenerate, since Φ ϕ (D (Φ ϕ )) is dense in H ϕ and
(3) If X is a left Banach A-module such that AX is dense in X and ϕ is a bounded modular biweight on X with D (ϕ) = X, then the GNS representation of X associated with ϕ is continuous and nondegenerate. Indeed, if ϕ is bounded, then Φ ϕ is continuous and since
π ϕ is nondegenerate. Therefore (Φ ϕ , π ϕ , H ϕ ) is a nondegenerate continuous modular representation of X.
Let BW X (X) = {ϕ ∈ BW (X) : D (ϕ) = X} and let ϕ, ψ ∈ BW X (X). We say that ψ ≤ ϕ if ϕ − ψ ∈ BW X (X).
Ä ÑÑ 4.4º Let ϕ ∈ BW X (X) and let T be a positive element in
x, y ∈ X is a modular biweight on X. P r o o f. Clearly, ϕ T is a sesquilinear form on X. Moreover,
for all a ∈ A and for all x ∈ X. Therefore ϕ T ∈ BW X (X).
Remark 4.5º Let ϕ ∈ BW X (X).
(1) ϕ I = ϕ, where I is the identity operator on H ϕ .
(2) ϕ αT = αϕ T for all T ∈ π ϕ (A) with T ≥ 0 and for all positive numbers α.
For ϕ ∈ BW X (X):
The following theorem is a Radon-Nikodym type theorem for modular biweights on left Banach C * -modules. 
ON REPRESENTATIONS OF BANACH
for all x ∈ X and since Φ ϕ (X) is dense in H ϕ , there is a bounded linear operator
for all a ∈ A and for all x ∈ X.
Let T = S * S. Clearly, 0 ≤ T ≤ I, and
Let ϕ ∈ BW X (X). We say that ϕ is pure if for any ψ ∈ BW X (X) with ψ ≤ ϕ, we have ψ = λϕ for some scalar λ.
ÓÖÓÐÐ ÖÝ 4.7º Let ϕ ∈ BW X (X). Then ϕ is pure if and only if the GNS representation of X associated with ϕ is irreducible.
P r o o f. Suppose that ϕ is pure. Let T ∈ π ϕ (A) such that 0 ≤ T ≤ I. Then ϕ T ∈ BW X (X) and ϕ T ≤ ϕ and since ϕ is pure, ϕ T = λϕ for some scalar λ. This shows that T = λI and so the modular representation (Φ ϕ , π ϕ , H ϕ ) is irreducible.
Conversely, suppose that the GNS representation associate with ϕ is irreducible. Then [0, I] ϕ = {αI : 0 ≤ α ≤ 1} and by Theorem 4.6, if ψ ∈ BW X (X) and ψ ≤ ϕ, then ψ = αϕ for some scalar α, 0 ≤ α ≤ 1.
Let x 0 ∈ X and λ 0 ∈ C. The set
is a convex subset of BW X (X).
Ì ÓÖ Ñ 4.8º Let X be a left Banach A-module and let ϕ ∈ BW X,x 0 ,λ 0 (X).
Then ϕ is an extreme point in BW X,x 0 ,λ 0 (X) if and only if the map
we can suppose that T is selfadjoint. Then there is α > 0 and β ∈ (0, 1) such that 
. From these facts and taking into account that ϕ is an extreme point, we conclude that
for all x, y in X. From these relations we deduce that T Φ ϕ (x), Φ ϕ (y) = 0 for all x, y ∈ X, whence, since Φ ϕ (X) is dense in H ϕ , we obtain T = 0.
Conversely, we suppose that the map
, we deduce that αI = T 1 and (1 − α) I = T 2 and so ϕ 1 = ϕ 2 = ϕ. Therefore ϕ is an extreme point.
Operator representations
Let A be a C * -algebra and let X be a left Banach A-module. for all x in X and for all a in A.
ON REPRESENTATIONS OF BANACH C * -MODULES ASSOCIATED WITH BIWEIGHTS
Let E be a left Hilbert C * -module over a C * -algebra A. A representation of E is a map Π : E → L(H, K) with the property that there is a * -representation π of A on K such that Π (x) , Π (y) = π ( x, y ) for all x, y ∈ E (see, for example, [2] ). If (π, Π) is a representation of the left Hilbert C * -module E, then Π is linear and Π (ax) = π (a) Π (x) for all a ∈ A and for all x ∈ E and so it is an operator representation of the left Banach C * -module E in the sense of Definition 5.1.
Ò Ø ÓÒ 5.2º An operator representation (π, Π) of X is nondegenerate if
Remark 5.3º
If A is unital and (π, Π) is a nondegenerate operator representation of X, then π is nondegenerate.
H 0 be a closed subspace in H and let K 0 be a closed subspace in K. We say that the pair (
An operator representation (π, Π) of X is irreducible if {0}, {0} and (H, K) are the only Π-invariant pairs.
Remark 5.5º If (π, Π) is an irreducible operator representation of X in L(H, K)
Indeed, since
we deduce that H, Π (X) H is a Π-invariant pair and so Π (X) H = K. In the same way we deduce that Π (X) * K = H. Therefore Π is nondegenerate.
It is easy to verify that
The following proposition can be regarded as a generalization of [2, Proposition 4.5].
ÈÖÓÔÓ× Ø ÓÒ 5.7º Let (π, Π) be an operator representation of X in L(H, K)
with Π = 0.
(1) If (π, Π) is nondegenerate and π is irreducible, then Π (X) = C (I H ⊕ I K ).
for all x in X and for all ξ in H. From this relation, we deduce that S ∈ π (A) , since (π, Π) is nondegenerate. But π is irreducible and then S = αI K for some complex number α. Moreover, we have
for all x in X and for all η ∈ K. From these relations, since (π, Π) is nondegenerate, we deduce that T = αI H . Thus we showed that Π (X) = C (I H ⊕ I K ). (2) Let (H 0 , K 0 ) be a Π-invariant pair. If P H 0 is the projection of H on H 0 and P K 0 is the projection of K on K 0 , then it is easy to check that P H 0 ⊕P K 0 ∈ Π (X) and so P H 0 ⊕P K 0 = α (I H ⊕ I K ) for some complex number α. From this relation we deduce that P H 0 = I H and P K 0 = I K and then H 0 = H and K 0 = K or P H 0 = 0 and P K 0 = 0 and then H 0 = {0} and K 0 = {0}. Ò Ø ÓÒ 5.8º Let (π 1 , Π 1 ) and (π 2 , Π 2 ) be two operator representations of
are unitarily equivalent, then π 1 and π 2 are unitarily equivalent.
Indeed,
for all x in X, for all ξ ∈ H 1 and for all a in A, whence we deduce that V π 1 (a) = π 2 (a) V for all a in A, since (π 1 , Π 1 ) is nondegenerate.
Operator representations associated with modular biweights
A quasi- * -algebra is a couple (X, A 0 ), where X is a vector space with involution * , A 0 is a * -algebra and a vector subspace of X and X is an A 0 -bimodule whose module operations and involution extend those of A 0 (see, [1] ).
An element e ∈ A 0 is a unity for (X, A 0 ) if ex = xe = x for all x ∈ X. A Banach quasi * -algebra is a quasi- * -algebra (X, A 0 ) such that (X, · ) is a Banach space, the map a → a * from A 0 to A 0 is an isometry and for each b ∈ A 0 the maps a → ab and a → ba from A 0 → A 0 are continuous (see, [1] ).
Let (X, A 0 ) be a Banach quasi * -algebra. We suppose that we have another involution # on A 0 and another norm · # such that:
(2) a ≤ a # for any a ∈ A 0 ; (3) ax ≤ a # x for any a ∈ A 0 and for any x ∈ X.
If A # is the C * -algebra obtained by completion of the pre C * -algebra (A 0 , #, · # ), then X becomes a left Banach A # -module.
A strict pre CQ * -algebra is a Banach quasi * -algebra (X, A 0 ) such that on A 0 we have another involution # and another norm · # which verifies the above conditions (see, [6] ).
Let (X, A 0 ) be a strict pre CQ * -algebra. We have seen that X becomes a left Banach A # -module. A modular biweight ϕ on X is admissible if for each x ∈ X there is M x > 0 such that
for all c ∈ A 0 (see, [6] ).
ÈÖÓÔÓ× Ø ÓÒ 6.1º Let (X, A 0 ) be a unital strict pre CQ * -algebra and let ϕ be an admissible modular biweight on the left Banach module X associated with (X, A 0 ). 
